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How common are nonsmooth objective functions in optimization?



When does nonsmoothness appear?

* if the nature of the problem imposes a
nonsmooth model; or

* if sparsity of the solution is a concern; or

* in problems difficult to solve,

– because they are large scale

– because they are heterogeneous

sometimes the solution method induces
nonsmoothness



Example of NS model

Recovery of blocky images (`1-regularization of TV)



Example of sparse optimization min{‖x‖1 :Ax= b}

Basis pursuit: find least 1-norm point on the affine plane
Tends to return a sparse point (sometimes, the sparsest)



Example of sparse optimization min{‖x‖1 :Ax= b}

Basis pursuit: find least 1-norm point on the affine plane
Tends to return a sparse point (sometimes, the sparsest)

LASSO denoises basis pursuit

min
{
‖Ax−b‖22 : ‖x‖1 ≤ τ

}
or

min
{
‖x‖1+ µ

2 ‖Ax−b‖
2
2

}
or

min
{
‖x‖1 : ‖Ax−b‖22 ≤ σ

}
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Lagrangian Relaxation Example
Real-life optimization problems

(primal)



max
∑
j∈J

−Cj(pj)

pj ∈P j , j ∈ J∑
j∈J
gj(pj) =Dem ← x

often exhibit separable structure after dualization

(dual) min
x

∑
j∈J

max −Cj(pj)−
〈
x,gj(pj)

〉
pj ∈P jfj(x)− 〈x,Dem〉

fj(x) :=

 max −Cj(pj)+
〈
x,gj(pj)

〉
pj ∈Pj



Energy management problems

Evaluating fj(x) :=

 max −Cj(pj)+
〈
x,gj(pj)

〉
pj ∈P j

corresponds to local subproblems, related to one power plant,
requiring sometimes heavy calculations
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Energy management problems

Evaluating fj(xk) :=

 max −Cj(pj)+
〈
xk,gj(pj)

〉
pj ∈P j

corresponds to local subproblems, related to one power plant,
requiring sometimes heavy calculations

To know ONE
value of f,
say f(xk)

needs knowing ONE pj(xk) solving subproblem j, for ALL terms j ∈ I



Often, most of the CPU time is spent in the oracle
calculations. France’s short-term power generation planning:
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Nuclear subproblems are LPs with 100,000 variables

and 300,000 constraints, consuming 99% of total running time
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When do bundle method are most useful?

In situations

– when the objective function is not available explicitly

AND
– when we do not have acces to the full subdifferential

AND
– when calculations need to be done with high precision



A quick overview of Convex Analysis

An example of a convex nonsmooth function
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A very useful calculus rule for subdifferentials

A finite max-function f(x) := maxj∈I fj(x), with
fj : IRn→ Rn convex and differentiable

∂f(x) = {g ∈ IRn : f(y)≥ f(x)+g>(y−x) for all y}
= {slopes of linearizations supporting f, tangent at x}

∂f(x) = ?
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A very useful calculus rule for subdifferentials

A finite max-function f(x) := maxj∈I fj(x), with
fj : IRn→ Rn convex and differentiable

∂f(x) = {g ∈ IRn : f(y)≥ f(x)+g>(y−x) for all y}
= conv{∇fj(x) : j ∈ I(x)}

I(x) :=
{

j ∈ I : f(x) = fj(x)
}

only

active

indices!



Extension to I non-finite, fj nonsmoooth

A sup-function f(x) := supj∈I f
j(x), with fj : IRn→ Rn

convex,

• I compact

• j 7→ fj(x) is upper-semicontinuous

∂f(x) = cl
(
conv∪j∈I(x)∂fj(x)

)
where the active set is defined as before:

I(x) :=
{
j ∈ I : f(x) = fj(x)

}



Now your turn!

For f : IRn→ IR, use the formula to express ∂f(x̂):

1. f(x) = |x|, at x̂= 0 and n= 1

2. A nonlinear Lasso function, h ∈ C1, at arbitrary x̂ and n:
f(x) = ‖x‖1+ µ

2‖h(x)−b‖
2
2

3. One of the local subproblems in the energy management
problem, at arbitrary x̂ and n= dim(dem):

fj(xk) :=

 max −Cj(pj)+
〈
x,gj(pj)

〉
pj ∈P j

4. The dual function of the energy management problem:
f(x) =

∑
j∈I f

j(x)+ f0(x), with f0(x) = −〈x,d〉
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For f : IRn→ IR, use the formula to express ∂f(x̂):

1. f(x) = |x|, at x̂= 0 and n= 1

2. A nonlinear Lasso function, h ∈ C1, at arbitrary x̂ and n:
f(x) = ‖x‖1+ µ

2‖h(x)−b‖
2
2

3. One of the local subproblems in the energy management
problem, at arbitrary x̂ and n= dim(dem):

fj(xk) :=

 max −Cj(pj)+
〈
x,gj(pj)

〉
pj ∈P j

4. The dual function of the energy management problem:
f(x) =

∑
j∈I f

j(x)+ f0(x), with f0(x) = −〈x,d〉
for which functions can we expect to know all the subdifferential?



Energy management problems

Evaluating fj(xk) :=

 max −Cj(pj)+
〈
xk,gj(pj)

〉
pj ∈P j

corresponds to local subproblems, related to one power plant,
requiring sometimes heavy calculations

To know ONE

value of f,

say f(xk)

needs knowing ONE pj(xk) solving subproblem j, for ALL terms j ∈ I

One subgradient for free: gj(pj(xk)) (not all ∂fj(xk)



Coding an EM oracle

Consider the following Energy Management (EM) problem:

(EM)



min
nu∑
j=1

np∑
i=1

cjDuriq
j
i

s.t. 0≤ qji ≤ p
j
max , j= 1, . . . ,nu

nu∑
j=1

q
j
i =DemProfi , ; i= 1, . . . ,np

– There are j= 1, . . . ,nu plants, with cost cj, and capacity pj
max

– Their generation satisfies the demand

– The average demand Dem is distributed into i= 1, . . . ,np brackets,
“base", “mean", “peak" demand.

– For each bracket, Profi and Duri stand, respectively, for its depth and
duration.



Coding an EM oracle
function [ff,gg,data]=AnyDual(x,data)

% AnyDual(x) evaluates f/g and outputs minimizer qmin

% for the negative of the dual function

% of the primal problem (EM)

% where the demand constraints were dualized

% with multiplier x

% INPUT:

% the evaluation point x (a column vector, dim=np)

% data, a structure with fields

% data.c,data.pmax,data.dur,data.dem

% OUTPUT:

% f the function value

% gg, a column vector with the subgradient (dim=np)

% data.qmin, the i=1:np primal minimizers (dim=np)



Coding an EM oracle
• Send an e-mail today to sagastiz.bup@gmail.com

• I will send you this pdf and an m-function that generates data for
different configurations of the EM problem

• Tomorrow we will test (and debug:) your oracles

Happy programming!



What can be done with the oracle output?

An example of a convex nonsmooth function

∂f(x) = {g ∈ IRn : f(y)≥ f(x)+g>(y−x) for all y}

= {slopes of linearizations supporting f, tangent at x}
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Linearization bad if oracle output is bad

An example of a convex nonsmooth function

∂f(x) = {g ∈ IRn : f(y)≥ f(x)+g>(y−x) for all y}

wrong g gives bad linearization

1 oracle call xk

f(xk)

g(xk) ∈ ∂f(xk)

=
1 linearization



What happens with the stopping test?

Algorithms for unconstrained smooth optimization
use as optimality certificate Fermat’s rule

0= ∇f(x̄)

and generate a minimizing sequence:

{xk}→ x̄ such that ∇f(xk)→ 0.

If f ∈ C1, then ∇f(x̄) = 0



What happens with the stopping test?

Algorithms for unconstrained nonsmooth
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inclusion

0 ∈ ∂f(x̄)
• As a set-valued mapping ∂f(x) is osc:(
xk,g(xk)∈∂f(xk)

)
:

 xk→ x̄

g(xk)→ ḡ .
=⇒ ḡ∈∂f(x̄)



What happens with the stopping test?
Algorithms for unconstrained nonsmooth optimization use
as optimality certificate the inclusion

0 ∈ ∂f(x̄)
• As a set-valued mapping ∂f(x) is osc:(

xk,g(xk) ∈ ∂f(xk)
)
:

 xk→ x̄

g(xk)→ ḡ .
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We need to device a sound stopping test that does
not rely on the straightforward extension of
Fermat’s rule.



What happens with the stopping test?

We need to device a sound stopping test that does
not rely on the straightforward extension of
Fermat’s rule. We use instead

ḡ ∈ ∂ε̄f(x̄) for ‖ḡ‖ and ε̄ small

where the ε-subdifferential contains the slopes of
linearizations supporting f up to ε, tangent at x:

∂εf(x)= {g∈ IRn : f(y)≥ f(x)+g>(y−x)−ε for all y}
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linearization
Subgradient
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The ε-subdifferential
∂f(x) =


−1 x < 0

[−1,1] x= 0

1 x > 0
For the absolute value function, f(x) = |x|

∂εf(x) =


[−1,−1−ε/x] x <−ε/2,

[−1,1] −ε/2≤ x1≤ ε1/2,
[1−ε/x,1] x > ε/2.



The ε-subdifferential
∂f(x) =


−1 x < 0

[−1,1] x= 0

1 x > 0For the absolute value function, f(x) = |x|

∂εf(x) =


[−1,−1−ε/x] if x <−ε/2,

[−1,1] if −ε/2≤ x1≤ ε1/2,
[1−ε/x,1] if x > ε/2.

−
ε

2

ε

2



The ε-subdifferential
−
ε

2

ε

2

• As a set-valued mapping ∂εf(x) is osc:

(
εk,xk,g(xk)∈∂εkf(x

k)
)
:


εk→ ε

xk→ x̄

g(xk)→ ḡ .

=⇒ ḡ∈∂ε̄f(x̄)
• As a set-valued mapping, ∂εf(x) is isc: Given ḡ ∈ ∂ε̄f(x̄)

∃
(
εk,xk,g(xk) ∈ ∂εkf(x

k)
)
:


εk→ ε̄

xk→ x̄

g(xk)→ ḡ .



The ε-subdifferential and bundle methods

Generate iterates so that for a subsequence {x̂k}

• As a set-valued mapping ∂εf(x) is osc:

(
ε̂k, x̂k, ĝ(xk)∈∂εkf(x̂

k)
)
:


ε̂k→ ε

xk→ x̄

ĝ(xk)→ ḡ .

=⇒ ḡ∈∂ε̄f(x̄)
with ε̄= 0 and ḡ= 0

• As a set-valued mapping, ∂εf(x) is isc: Given ḡ ∈ ∂ε̄f(x̄) :

∃
(
εk,xk,g(xk) ∈ ∂εkf(xk)

)
:


εk→ ε̄

xk→ x̄

g(xk)→ ḡ .



The ε-subdifferential and bundle methods
You told us

we were going to use subgradient information provided by a
black-box and now you want to use the ε-subdifferential!



The transportation formula
How to express subgradients at xi as ε-subgradients at x̂k?

gi ∈ ∂f(xi) if and only if, for all y ∈ IRn

f(y) ≥ f(xi)+gi>(y−xi)

= f(xi)+gi>(y−x)± f(x̂k)
= f(x̂k)+gi>(y−x)−

(
f(x̂k)− f(xi)

)
= f(x̂k)+gi>(y−x± x̂k)−

(
f(x̂k)− f(xi)

)
= f(x̂k)+gi>(y− x̂k)−

(
f(x̂k)− f(xi)−gi>(x̂k−xi)

)
= f(x̂k)+gi>(y− x̂k)−ei(x̂k)

=⇒ gi ∈ ∂ei(x̂k)f(x̂k)
ei(x̂k) := f(x̂k)− f(xi)−gi>(x̂k−xi)≥ 0
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The ε-subdifferential and bundle methods
We collect the black-box

output at past iterations xi, i= 1,2, . . . ,k, so that at iteration k
we can define a bundle of information, centered at a special
iterate x̂k ∈ {xi}

Bk :=

 ei(x̂k) = f(x̂k)− f(xi)−gi>(x̂k−xi)

gi ∈ ∂ei(x̂k)f(x̂k)
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output at past iterations xi, i= 1,2, . . . ,k, so that at iteration k
we can define a bundle of information, centered at a special
iterate x̂k ∈ {xi}

Bk :=

 ei(x̂k) = f(x̂k)− f(xi)−gi>(x̂k−xi)

gi ∈ ∂ei(x̂k)f(x̂k)


A suitable convex combination

εk :=
∑
i∈Bk

αiei(x̂k) and Gk :=
∑
i∈Bk

αigi

will eventually satisfy the optimality condition!
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provided by an oracle or “black box”

x

f(x)
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endowed with reliable stopping tests
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For the unconstrained problem

minf(x),

where f : IRn→ IR is convex but not differentiable at some
points, we shall define algorithms based on information
provided by an oracle or “black box”

x

f(x)

g(x) ∈ ∂f(x)

Relation with smooth optimization?
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Smooth optimization techniques do not work

Smooth approximations of derivatives by finite differences
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For f : IR3→ IR defined by f(x) = max(x1,x2,x3)

∂f(0) = ?

Forward finite difference f(x+∆x)−f(x)
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2∆x = (12 ,

1
2 ,
1
21

none of them in the subdifferential!



Why special NSO methods?

Smooth optimization techniques do not work

Smooth approximations of derivatives by finite differences
fail

For f : IR3→ IR defined by f(x) = max(x1,x2,x3)

∂f(0) = ?

Forward finite difference f(x+∆x)−f(x)
∆x = (1,1,1)

Central finite difference f(x+∆x)−f(x−∆)
2∆x = (1

2 ,
1
2 ,

1
2

none of them in the subdifferential!



Why special NSO methods?

Smooth optimization techniques do not work

Linesearches get trapped in kinks and fail



Why special NSO methods?

Smooth optimization techniques do not work
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Example 9.1

“Instability of steepest descent"
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Why special NSO methods?

Smooth optimization techniques do not work

−g(xk) may not provide descent ‘

0 0

x2

x1

x2

x1

s

grad



Why special NSO methods?

Smooth optimization techniques do not work

Smooth stopping test fails

Finite difference approximations fail

Linesearches get trapped in kinks and fail
Direction opposite to a subgradient may increase
the functional values
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How is the oracle information used?

We look for algorithms based on information provided by an

oracle
x

f(x)

g(x) ∈ ∂f(x)

endowed with reliable stopping

tests

Black box information defines linearizations

that put together create a model M of the function f.

The model is used to define iterates and to put in place a
reliable stopping test
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How is the oracle information used?

Black box information defines linearizations

that put together create a model M of the function f.

xi
fi = f(xi)

gi = g(xi)
=⇒M(x) = maxi {fi+gi>(x−xi) }

(just an example, many other models are possible)
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Cutting-plane methods



Artificial bounding at least for the first iterations
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Cutting-plane methods

{Mk(x
k+1)} increases, functional values may not decrease!

f(x5)> f(x4). Stopping test measures
δk := f(x

k)−Mk−1(x
k)

}
δ2



Cutting-plane Methods
0 Choose x1 and set k= 1.
1 Call the oracle at xk.If f(xk)−Mk−1(x

k)≤ tol STOP
2 Compute xk+1 ∈ argminXMk(x)

3 Mk+1(·) = max
(

Mk(·), fk+gk>(·−xk)
)

, k= k+1,
loop to 1.



Cutting-plane Methods
0 Choose x1 and set k= 1.
1 Call the oracle at xk.If f(xk)−Mk−1(x

k)≤ tol STOP
2 Compute xk+1 ∈ argminXMk(x)

3 Mk+1(·) = max
(

Mk(·), fk+gk>(·−xk)
)

, k= k+1,
loop to 1.

CP methods are

an improved algorithmic version

of the Aussie sign

a bett
er

rec
ipe

converges, but can stall and

can be improved!
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Non-monotone functional values, but converges

because liminf
(
f(xk)−Mk−1(x

k)
)→ 0

Has a stopping test, but LP size grows indefinitely

eventually numerical errors prevail.

xk+1 ∈ argminXMk(x) with
Mk(x) = maxi≤k{fi+gi>(x−xi)}

and X polyhedral

is equivalent to solving a linear programming problem
min r

s.t. r ∈ IR ,x ∈ X
r≥ fi+gi>(x−xi) for i≤ k grows with iterations
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Ingredients for the best recipe
• CP brings in the concept of a model, which gives a stopping test (δk)

• CP still non-monotone

Monotonicity defeats instability and oscillations: the sequence of function
values at green-spot iterates converges
• Bundle Methods select green-spot iterates using a descent rule

f(x̂k+1)≤ f(x̂k)−mδk where δk is a positive quantity< f(x̂k)

limit points of the serious-step subsequence {x̂k} minimize f
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Bundle Methods
0 Choose x1, set k= 1, and let x̂1 = x1.
1 Compute xk+1 ∈ argminMk(x)+

1
2tk

|x− x̂k|2

2 If δk :=f(x̂k)−Mk(x
k+1)≤ tol STOP

3 Call the oracle at xk+1.

If f(xk+1)≤ f(x̂k)−mδk, set x̂k+1 = xk+1 • (Serious Step)
Otherwise, maintain x̂k+1 = x̂k (Null Step)

4 Define Mk+1, tk+1, make k= k+1, and loop to 1.



Bundle Methods

Unlike CP Mk+1(·) = max
(

Mk(·), fk+gk>(·−xk)
)

,
now the choice of the new model is more flexible:
xk+1 ∈ argminMk(x)+

1
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|x− x̂k|2 with Mk(x) = maxi≤k{fi+gi>(x−xi)} is
equivalent to a QP: minr∈IR,x∈IRn r+ 1

2tk
|x− x̂k|2

s.t. r≥ fi+gi>(x−xi) for i≤ k

A posteriori, the solution remains the same if . . .
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Unlike CP Mk+1(·) = max
(

Mk(·), fk+gk>(·−xk)
)

,
now the choice of the new model is more flexible:
xk+1 ∈ argminMk(x)+

1
2tk

|x− x̂k|2 with Mk(x) = maxi≤k{fi+gi>(x−xi)} is
equivalent to a QP: minr∈IR,x∈IRn r+ 1

2tk
|x− x̂k|2

s.t. r≥
∑
i ᾱ
i(fi+gi>(x−xi))

Same solution if all, or active, or the optimal convex combination

BM Mk+1(·) = max
( Mk(·)

maxactive

aggregate

Bundle Compression: QP with 2 constraints

, fk+gk>(·−xk)
)



The cutting-plane model

You told us

we were going to use a bundle with linearization errors and gradients, and
now you want to use functional values



Rewriting the cutting-plane model

With the transportation formula we already rewrote the ith linearization
centered in the serious iterate

f(y) ≥ f(xi)+gi>(y−xi)

= f(x̂k)+gi>(y− x̂k)−ei(x̂k)



Rewriting the cutting-plane model

With the transportation formula we already rewrote the ith linearization
centered in the serious iterate

f(y) ≥ f(xi)+gi>(y−xi)

= f(x̂k)+gi>(y− x̂k)−ei(x̂k)

Mk(y) = max
{
f(xi)+gi>(y−xi) : i ∈Bk

}
= max

{
f(x̂k)+gi>(y− x̂k)−ei(x̂k) : i ∈Bk

}
= f(x̂k)+max

{
gi>(y− x̂k)−ei(x̂k) : i ∈Bk

}



Bundle Methods

When k→∞, the algorithm generates two subsequences.

Convergence analysis addresses the mutually exclusive situations

• either the SS subsequence is infinite (limit point minimizes f)

• or there is a last SS, followed by infinitely many null steps (last SS
minimizes f)



Bundle Methods

When k→∞, the algorithm generates two subsequences.

Convergence analysis addresses the mutually exclusive situations

• either the SS subsequence is infinite (limit point minimizes f)

• or there is a last SS, followed by infinitely many null steps
(last SS minimizes f and null→ last SS)



Comparing the methods: bundle and SG

Typical performance on a battery of Unit Commitment problems



Comparing the methods: bundle and CP

On a battery of probabilistically constrained problems

x CP is fast to reach a few digits of accuracy, then stalls



Comparing the methods: bundle and CP

On a battery of probabilistically constrained problems

x CP is fast to reach a few digits of accuracy, then stalls
+ Bundle is consistently 3 times faster
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Can we do any better?? YES, WE CAN



Bundle Methods with on-demand accuracy
the new generation
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For a convex nonsmooth function, solving

minf(x)

with a black box method
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is doomed to slow convergence speed: complexity is O( 1√
k
) k iterations
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First, the bad news

For a convex nonsmooth function, solving

minf(x)

with a black box method

x

f(x)

g(x) ∈ ∂f(x)

is doomed to slow convergence speed: complexity is O( 1√
k
) k iterations

Note: complexity results assume black box always called as above



Looking

for structure:

Opening
the
Black Box



The LASSO function

For x ∈ IRn, given b ∈ IRm and h : IRn→ IRm a C2 mapping

f(x) = ‖x‖1+
µ

2
‖h(x)−b‖22

can be seen in at least three different ways, regarding its
structure.
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Why structure matters?
KNOWLEDGE IS POWER

used in the algorithms to create good models f̌ for f



This function has several interesting structures
If no structure at all

f(x) = ‖x‖1+
µ

2
‖h(x)−b‖22

This defines the black box :

x

f(x)

g(x) ∈ ∂f(x)



This function has several interesting structures
Sum structure

f(x) = f1(x)+ f2(x) with

 f1(x) = ‖x‖1
f2(x) =

µ
2 ‖h(x)−b‖

2
2

This defines a sum black box:

x

f1(x), f2(x)

gj(x) ∈ ∂fj(x)j=1,2



This function has several interesting structures
Composite structure

f(x) = (F◦c)(x) with

 c(x) =
(
x, µ2 ‖h(x)−b‖

2
2

)
∈ IRn+1

F(C) = ‖C1:n‖1+Cn+1
for C smooth and h positively homogeneous

This defines a composite black box:

x

C := c(x) and F(C)

Jacobian Jc(x) and

G(C) ∈ ∂F(C)



Structured models for f
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Structured models for f

No structure
M(x) = maxi

{
fi+gi>(x−xi)

}
= maxi

{
(fi1+ f

i
2)+(gi1+g

i
2)
>(x−xi)

}

Sum structure
M(x) = maxi

{
fi1+g

i
1
>(x−xi)

}
+maxi

{
fi2+g

i
2
>(x−xi)

}

Larger

QP



Inexact models for f

Inexact information M(x) = maxi
{
fi+gi>(x−xi)

}

M may

cut gr(f)

excessive noise is attenuated via stepsize tk



On-demand accuracy scheme

Real-life optimization problems

(primal)



max
∑
j∈J

−Cj(pj)

pj ∈Pj , j ∈ J∑
j∈J

gj(pj) = 0 ← x

often exhibit separable structure after dualization

(dual) min
x

∑
j∈J

max −Cj(pj)−
〈
x,gj(pj)

〉
pj ∈Pj

fj(x)

fj(x) :=

 max −Cj(pj)+
〈
x,gj(pj)

〉
pj ∈Pj



Often, most of the CPU time is spent in the oracle
calculations. France’s short-term power generation planning:
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f(x) gradient
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minf(x)

x ∈ IRn
and a sub-

Nuclear subproblems are LPs with 100,000 variables

and 300,000 constraints, consuming 99% of total running time
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calculations. France’s short-term power generation planning:
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f(x) gradient
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)

minf(x)

x ∈ IRn
and a sub-

Can we skip/solve approximately

nuclear subproblems,

consuming LESS running time without losing accuracy?
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On demand accuracy bundle

fx and gx

Skips Nuclear LPs (alternating) ≡ noisy black box

25% less CPU time than exact bundle, same accuracy



To learn more
Bundle methods history
R. MIFFLIN, C. SAGASTIZÁBAL, Documenta Math, 2012. A Science
Fiction Story in Nonsmooth Optimization Originating at IIASA
https://www.math.uni-bielefeld.de/documenta/

vol-ismp/44_mifflin-robert.pdf (exact) Bundle books
J.F. BONNANS, J.C. GILBERT, C. LEMARÉCHAL, AND

C. SAGASTIZÁBAL, Numerical Optimization: Theoretical and Practical
Aspects, Springer, 2nd ed., 2006.
J.B. HIRIART-URRUTY AND C. LEMARÉCHAL, Convex Analysis and
Minimization Algorithms II, no. 306 in Grund. der math. Wissenschaften,
Springer, 2nd ed., 1996.
Inexact Bundle theory
(next page)



Inexact Bundle theory
M. HINTERMÜLLER, A proximal bundle method based on approximate
subgradients, COAp, 20 (2001), pp. 245–266.
K.C. KIWIEL, A proximal bundle method with approximate subgradient
linearizations, SiOpt, 16 (2006), pp. 1007–1023.
W. DE OLIVEIRA, C. SAGASTIZÁBAL, AND C. LEMARÉCHAL, Convex
proximal bundle methods in depth: a unified analysis for inexact oracles,
MathProg, 148 (2014), pp. 241–277.
Inexact Bundle variants with applications
G. EMIEL AND C. SAGASTIZÁBAL, Incremental-like bundle methods
with application to energy planning, COAp, 46 (2010), pp. 305–332.
W. DE OLIVEIRA, C. SAGASTIZÁBAL, AND S. SCHEIMBERG, Inexact
bundle methods for two-stage stochastic programming, SiOpt, 21 (2011),
pp. 517–544.
(next page)



W. VAN ACKOOIJ AND C. SAGASTIZÁBAL, Constrained bundle methods
for upper inexact oracles with application to joint chance constrained
energy problems, SiOpt, 24 (2014), pp. 733–765.
W. DE OLIVEIRA AND C. SAGASTIZÁBAL, Level bundle methods for
oracles with on-demand accuracy, OMS 29 (2014), pp. 1180 –1209
W. DE OLIVEIRA AND C. SAGASTIZÁBAL, Bundle methods in the xxi
century: A birds’-eye view, Pesquisa Operacional, 34 (2014), pp. 647 –
670.
W. DE OLIVEIRA AND M. SOLODOV, A doubly stabilized bundle
method for nonsmooth convex optimization, MathProg 156(1), pp.
126–159, 2016.
and my web-page: http://www.impa.br/~sagastiz



Any doubts or questions?

Just e-mail me


